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Nonsteady Flame Spreading in Two-Dimehsional Ducts

Malladi V. Subbaiah*
California Institute of Technology, Pasadena, California

Nonsteady behavior of a flame stabilized at the center of a two-dimensional duct is studied using an integral
technique. An exact representation of the irrotational flow field upstream of the flame is obtained by utilizing a
snitable distribution of sources on the duct axis. Time-dependent solutions exhibit traveling wave patterns with
significant amplification along the flame region. These solutions enable the calculation of the acoustic frans-

mission and reflection properties of the flame region.

I. Introduction

HE control and elimination of combustion instability in
systems of practical interest and the rational
interpretation of subscale experiments require an un-
derstanding ‘of the fundamental mechanism. In many in-
stances response of the combustion processes to local pressure
and velocity fluctuations is an important factor that feeds
considerable energy into the system to sustain the oscillations.
When the frequency is less than a few hundred hertz, the
chemical reaction time delay is relatively unimportant, rather,
the fluid mechanical adjustments of the flame region play the
dominant role governing the detailed response of the system.
As a result of fast chemical kinetics, flame fronts are
usually very thin compared to length scales associated with
combustion devices of practical interest.. Therefore, in
problems where detailed calculations of flame structure are
not important, one often considers the flame front as a
surface of discontinuity separating the cold fuel oxidizer

mixture and hot combustion products. The flowfields on

either side of the flame front are matched by relations
analogous to the jump conditions across the shock discon-
tinuities. :

Nonsteady behavior of a flame stabilized at the center of a
two-dimensional duct is studied as a specific but typical
example of the low-frequency behavior. Steady-state flame
spreading of the confined premixed flames in two-
dimensional ducts, stabilized by bluff body flame holders,
attracted the attention of several early research workers.!
Scurlock,? Tsien,? Ball,# Fabri et al.,5 and Ilida® studied the
problem analytically, while Williams et al.,” Thurston,® and
Wright and Zukoski? investigated experimentally.

Scurlock? was the first to investigate steady flowfield and
flame spreading from idealized cylindrical flame holders in a
two-dimensional duct. He obtained a numerical solution for
the flame shape and velocity profile in the region downstream
of the flame. Incompressible flow with a uniform velocity
profile in the unburned region and uniform static pressure
across any cross section were assumed. Tsien® provided a
simpler treatment of the above problem with assumed
uniform velocity in the cold region and linear velocity
distribution in the hot region, as suggested by Scurlock’s
results. He further extended his calculations to include
compressibility effects and found that for large approach
Mach number or heat release, the flame did not reach the
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channel wall and the input fuel mixture was not completely
burned. Tsien also calculated vorticity produced by the flame
in terms of fluid velocity and streamline curvature im-
mediately upstream of the flame. Zukoski!® showed that the
flame shape is relatively insensitive to the assumed velocity
profile in the burned region. However, the maximum velocity
in the hot region will obviously depend on the assumed
profile. Fabri et al.5 and Iida® linearized the equations of
motion for small flame speeds and obtained an integral
equation for stream function, which was solved by successive
integration. The assumption of uniform velocity in the un-
burned region does not provide accurate initial conditions for
these calculations.

In the above calculations, momentum transfer in the
direction normal to the duct walls was ignored. Validity of

“such calculations is restricted to very low flame speeds in

comparison to the approaching fluid velocity. Also, in the
above quasi-one-dimensional approaches, flame shape and
flowfield as a function of the downstream distance from the
flame holder are not readily available. Additional ap-
proximation on the velocity component at the flame, in a
direction perpendicular to the channel axis, has to be made
for an accurate description of the flame shape. Ball* made a
two-dimensional calculation for the steady flame shape and
flowfield in a two-dimensional duct by solving in-
compressible, inviscid, laminar flow equations of motion by a
relaxation method. Such a calculation is not restricted to very
low flame speeds and shows the effect of pressure field set up
by the flame. ~ -

Although the steady flame spreading and flowfield of
stabilized two-dimensional flames were under investigation
for a considerable period, the nonsteady behavior of such
flames did not receive the same attention. However, the
analogous problem of stability of plane flames, known as

‘Landau instability, was extensively studied. Landau!! showed
- that laminar plane flames with constant flame speed were

unstable to disturbances of all wavelengths and interpreted
the result as the onset of flame-generated turbulence. Sub-
sequent analyses by Markstein!2 and Istratov and Librovich!3
and experiments by Peterson and Emmons!4 were aimed at
explaining the experimentally observed stable laminar flames
by incorporating the effects of flame curvature, heat con-
duction, and viscosity on the flame propagation. Blackshear!s
studied the temporal instability of the stabilized flame sub-
jected to transverse velocity disturbances. The flame was
modeled as an impermeable interface separating two parallel
streams (burned and unburned regions) with local velocity
profiles as assumed by Tsien. The results indicate that the
interface is neutrally stable to symmetric disturbances and
unstable to antisymmetric disturbances, when the velocity
profile is uniform in the unburned region and triangular in the
burned region.
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Marble and Candel’d were the first to identify the non-
steady fluid mechanical response of stabilized flames as a
possible source of the low-frequency oscillations observed in
large combustors like the utility boilers and aircraft af-
terburners. They analyzed the nonsteady behavior of a flame
stabilized by a flame holder of finite size in a two-dimensional
duct, subjected to external acoustic disturbances. In a recent
extension to the nonsteady flame model, Le Chatelier and
Candel!” included the effects - of compressibility and
variations in duct geometry. The present investigation is a
continuation of the work initiated by Marble and Candel. 16

Nonsteady behavior of a flame stabilized in a two-
dimensional duct is analyzed in this paper. The problem is

formulated in the next section using an integral technique in'

which the governing equations are integrated across the duct
to obtain certain integral relations for the averaged flow
variables. The flowfields on either side of the flame sheet are
matched by appropriate matching conditions. Flow through
the flame surface causes the integral relations to explicitly
involve the fluid velocities at the flame. To provide this in-
formation an independent description of the irrotational
flowfield upstream of the flame is required. An exact
representation of the upstream region is obtained in the third
section by utilizing a suitable distribution of nonsteady
sources on the duct axis.

The integral relations developed in Sec. II are analyzed by a
perturbation technique, in which the dominant order solution
represents the steady flame development. The steady flame
configuration is perturbed by an acoustic wave incident on the
flame region. The time-dependent counterpart of the integral
relations describes the ensuing nonsteady flowfields. The
flame perturbation exhibits a traveling wave pattern with
considerable amplification along the flame zone.

Acoustic reflection and transmission coefficients of the
flame region can be obtained utilizing the time-dependent
flame calculations. The response spectra exhibit active
responses at certain well-defined frequencies. The analysis
enables one to couple the flame region with the acoustics of
" the combustion system in which the stabilized flame is
situated. 18 ’

II. General Formulation of a Stabilized Flame

A. Analytical Description of a Nonsteady Stabilized Flame

Consider a flame, stabilized by a flame holder of half-width
74, in a two-dimensional parallel duct of width 2(, as shown in
Fig. 1. The flame region is modeled as a surface of discon-
tinuity separating the cold fuel/oxidizer mixture, region 1,
and hot combustion products, region 2. Let 5(x,f) be the
distance of the flame sheet from the centerline of the duct, the
x axis. A combustible mixture of fuel and oxidizer approaches
the flame region with a uniform velocity U, far upstream. Let
p(x,»,1) and p(x,y,?) be the pressure and density, and u(x,y,?)
and v(x,y, ) be the velocity components parallel and normal to
the duct axis. The variables are indicated by subscript 7/ in
‘region 1, upstream of the flame, and by subscript 2 in region
2, downstream of the flame.

Neglecting gravitational and viscous effects, the flowfields
in regions 1 and 2 are governed by the following equations.

In region 1, continuity equation '

dp d
at] (pl 1) + (Pﬂ’]) = 1)
Mdmentum equations
] ] _op
(P1u1)+ (p1u1)+ (P]u v;)= ax1 )
d a 3,
<p,v )+ 5 (Prt) + 3 (o,0) ——aiy’ 3)
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Neglecting heat conduction also,' the energy equation can be
written in the form

1 Dy, v Dy, 1 Dys,

= =0 4
p, Dt p, Dt C, Dt @

where v is the ratio of specific heats, C,/C,, and s, is the
specific entropy, and

The above equation states that the entropy remains constant,
following the fluid. We assume the flowfield far upstream to
be irrotational with uniform velocity U, and of uniform
entropy. Consequently, flow in region 1 can be considered as
irrotational and hence isentropic.

A similar set of equations is written for region 2, using
subscript 2 for the dependent variables. However, the
flowfield in region 2 is, in general, rotational as a result of the
entropy produced by the flame. This aspect of vorticity
production by the flame will be considered later in some
detail.

The above flowfields in regions 1 and 2 are matched across
the flame sheet by mass and momentum conservation
relations, analogous to the jump conditions across shock
discontinuities in compress1ble flows.

Conservation of mass gives

PIW =Py W, %)

where w; and w, are the flame speeds. w,/U, and w,/U, are
assumed to be constant.
The momentum equation normal to the flame surface gives

pi+pwi=p,+p,w} (6)

Since the static pressure is continuous along the flame sheet,
the tangential momentum equation implies that the tangential
velocity is continuous across the flame surface.

a 3
u,cos0+ (v, - a—Z)sin9=u200s9+ (vf- a—Z)sine @)

Also, we must have the flame sheet and flowfields deform
in a consistent manner. In the present context we have fixed
propagation speeds normal to the flame and the kinematic .
conditions at the flame surface imply that the normal velocity
of the fluid, relative to the flame surface, is equal to the
corresponding flame speed.

3 v
aTt’ €0s0 +u,;sin0 —v,cos0=w, ®
oy - .

Ecos9+u25m9—v2cose=w2 &)

It
I F
; ) uz’pz

Fig. 1 Stabilized flame in a duct.
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Assuming specific heat to be constant, the energy equation at
the flame surface can be written in the quasisteady ap-
proximation as

I . A\
oW, [CPT1+5 {w§+ <u1cose+v,sm6--£sme> }-%—E,]

' 1 a . \?
=p,w, [Cp T,+ 3 [wg + (u2c059+ v,SinO— 8—7 sm@) } + )32]

(10)

where I, and I, are the energies of formation per unit mass
for the gas in regions 1 and 2, respectively. 7, and T, are the
gas téemperatures in the two regions. For combustion
processes of practical interest, increase in sensible enthalpy,
(¥, —ZL,), is much larger than the changes in kinetic energy.
Therefore, we can approximate Eq. (10) by

C,T,+E,=C,T,+L, (11)

From Eq. (6), »
pz/p]=1—’Y(W1/C1)2(01/p2—1) 12)

and depends on the square of the Mach number based on the
flame speed, which is considered to be small. Consequently,
we can approximate,

T,/ T =p;/p, =1+ (Z,~L,)/(C,T,) (13)

However, it is important to consider the pressure change
across the flame in the momentum balance and in the
determination of the flame shape.

B. Development of the Integral Relations

We wish to investigate the nonsteady behavior of the
stabilized flame when. subjected to external acoustic distur-
bances. Consistent with the approximation in Eq. (13), we can
consider the flowfields in regions 1 and 2 as incompressible.
There is, of course, a large density change across the flame as
given by Eq. (13). The pressure changes associated with the
acoustic disturbance and the changes in the gas velocities are
so small that they do not influence the combustion process
significantly.

To describe the flowfields in regions 1 and 2 by an integral
technique, continuity and momentum equations are in-
tegrated with respect to y, between the flame and the channel
wall. In region 1, upstream of the flame, the integration is
carried out from y = 5(x, ) to y={as shown below.

With the incompressible flow approximation discussed
earlier, Eq. (1) becomes

6u1 g av]
_ —dy=0
S'rl(x,t) ax Y nxny 0y )

We use the boundary condition at the solid wall,

v, (x,48)=0 (14)
and obtain
a (! an
[y o0 2l =0, (e =0 (15)

Defining a mean axial velocity

4

# (60 = [{—n(x1)] Sn(x,:v)

uldy (16)
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and using the kinematic condition Eq. (8), we get from Eq.

(15)
d 9 i
5;(17—11)+5); [(e=n)i, ] +w,;secO=0 an

A similar integration of the other governing equations results
in the following equations for the integral variables.

a ) 9 ) (£—9) 9p,
— [ (p— (= 2 ha)
at[( n)u1]+ax[(f n)u1]+ Py re
+u,; (x,n,1)w;secO=0 (18)
3 i) 0=0 19
3t o (nu,) —w,secO = (19)
a a 7 ap
2 2 _ —
% (nu2)+ax (1r1uz)+p2 . U, (x,m,t)w,secO=0 (20)

The equations of motion in the y direction assure that the
variations of static pressure across the two regions are small.
In arriving at the above equations, the following assumptions
were made. :

171(x,77;f) =l-71(x:t) Pz(xﬂbt) =ﬁ2(x)t)

¢ '
S (u;—a;)*dy=0 S (u,—t,)?dy=0
7 n

These approximations are similar to the ones usually made for
shallow water wave calculations, wherein the normal ac-
celeration of the fluid is neglected. In the present context,
these assumptions are strictly valid only for the case of slender
flames, subjected to low-frequency disturbances. Stabilized
flames observed in the laboratory (Williams, et al.” and
Wright and Zukoski®) and in typical technological ap-
plications like afterburners (Zukoski!®) usually meet this
criterion. , '

The above integral relations and matching conditions
explicitly involve the local fluid velocities at the flame surface
in both of the regions. To complete the formulation we have
to independently estimate at least one velocity component at
y=n(x,). This is to be expected because we have fluid
propagation through the flame and because local momentum
transfer at the flame should play an important role in the
flame development. An exact solution for the irrotational
flowfield upstream of the flame is presented in Sec. III. An
approximation for u,(x,7,7) will be developed from this exact
solution.

The above system of equations is studied using a per-
turbation technique in which the zeroth-order steady-state
solution is perturbed by an acoustic wave incident on the
flame region.

III. Steady-State Flame Calculations
A. Approximate Analysis for the Steady-State Flame Development

Let the mean axial velocity, pressure, and density be
denoted by (% (x), p{? (x), and p, inregion 1, and by#§9 (x),
p§9(x), and p, in region 2. Let w, and w, be the fixed burning
velocities, as in Sec. II, and .

dy©

< Q1)

In region 1; mass conservation gives

2 Loy =—w, 2)
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Fig.2 Steady flame shape, A=4.5.

0.0

With the assumed uniform approach velocity U, far up-
stream, the flowfield in region 1 is irrotational, and we use the
Bernoulli equation upstream of the flame and write

Py +1[a§0) ]2— ! +1 23
p1Uj Uy Mg 2 )

where p, is the static pressure far upstream, y= C,/C, and
M, is the approach Mach number. In region 2 mass con-
servatlon gives

2 oap)=w, @4

Next, we utilize the overall momentum conservation equation
to get

0 U3+ Dol=p, (i) 2 (4= @) +p{D (£=5 )
+0, (259 ) 270 4 p§0) (0 25)

Consistent with the approximation Eq. (21), we assume that
the streamlines are nearly parallel to the duct axis and treat
the static pressure to be uniform in regions 1 and 2. However,
normal momentum balance across the flame [Eq. (6)] gives

BIY —p§0 = (A—=1)p, w3 (26) -

Integrating Eq. (22), and defining
x=/8 (w,;/Up) @7

we get

=/

—5?=<Aéx)/(—’L;) @

Similarly, Eq. (24) gives

D o [(TF) | 29)

0

where A=p,/p, and A and B are constants of integration.

At the flame holder of half-width 5, at x=0, we assume the
mean axial velocities in the two streams to be equal and write
the mass conservation equation to get

a0 0 @ ©0) _yf m L1
OO ) e

Calculations were also made using different values [e.g.,
1259 (0)=0] for the mean axial velocity in reglon 2 at the flame
holder. The results indicate that the effect is very localized
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near the flame holder and that the overall flame development
is not appreciably altered. The above choice gives a flame
shape with a positive slope at the flame holder. Hence, in Egs.
(28) and (29),

et e

=" [(1-10 4 170 (2)

We substitute #{?, u#§?, and p{? into the overall momentum
conservation Eq. (25) and obtain

G- s e 2 )
2 ¢ Jli—qop ML qo 0

— (=D [w,/Uy12(n @ /0) =1/2 (33)

which is cubic in y(® and quadratic in x.

For simplicity Eq. (33) is solved for x(4(?) to obtain the
flame shape 5(?(x) implicitly. A typical flame shape for
N=4.5 is shown in Fig, 2. '

Mean axial velocities and pressure are obtained from Egs.
(28), (29), and (23). Distribution of 2{? and #{? for the
above flame configuration is shown in Fig. 3 and exhibits an
approximately linear increase with the axial distance from the
flame holder.

It can at once be observed from Eqgs. (33), (28), and (29)
that the flame shape and flow variables exhibit a similarity
representation for all flame speeds w,/U,<1, with
x=x/0(w;/U,) as the similarity variable.

B. An Exact Representation for the Steady-State Flowfield
Upstream of a Stabilized Flame

As was discussed in Sec. II, the flowfield upstream of the
flame is irrotational and can also be approximated as in-
compressible. Consequently, there exists a unique scalar
potential ¢(x,y) such that

P¢  8%¢
o Va2 =0 S
and : )
a9
0) =__
u§® (x,y) e | (35)
¢
0) = —
% (x,) 3 (36)

For the present calculation, let us consider the flame (9 (x) to
be stabilized by an idealized flame holder of negligible
thickness, located at x=0. The kinematic condition [Eq. (8)]
at the flame surface in region 1, specialized to steady flow,
can be written as

dyn®
uf® (x,m) e =v{? +w,secO® 37
which can be written, using Egs. (35) and (36), as
6(1)) 2] [dn(O) ]2 8¢dpdn (D <6d) )2
-2 Y 2=
[<8x Y axoydx \ay) "Vi=0

(3%

With a suitable description of ¢(x,y), the above equation can
be integrated to obtain 5(? (x), subjected to the initial con-
dition 7 =0 at x=x,, where x, is obtained from the
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equation 5 00
-a
u§0 (x,,0) = 5—?—? (x0:0) =W, (39) 4.00
3.00
The flame shape obtained from the approximate
calculation of the previous section and the results of Ball,* 2.00
lead us to model the flowfield, upstream of the flame, by a
" source distribution located on the axis of the duct in the flame 1.00
region. :
The complex velocity w(x+iy) due to a uniform source 0.0 ! L ] 1 L
distribution of strength (40U,3(®)/L per unit length ex- 0.80 1.00

tending from x=0 to x=1L on the axis of a two-dimensional
channel of width 2¢can be written as

w (et i) u{® l_vjq)
Wi 2
Uy g Uy Up
B ¢ [ sinh (7z/20) ]
LA + (148 40
= L% Shma=L) 20 J T UTED) (O

In the above equation uniform flow is added such that the
approach velocity far upstream is U,. From the analysis of
Sec. 1. A, we take {/L=w,/U,, where L is the length of the
flame region. We also choose the total source strength such
that {9 (L) is approximately equal to the value obtained from
the previous section.

In the results presented here, to generate acceptable flame
envelopes, the source strengths selected are §(» =1.0 for
A=4.5 and 30 =0.44 for A\=2.25. Typical flame envelopes

for w,/U,=0.1, 0.2, and 0.4 are shown in Fig. 4 for A\=4.5.

Flame shape and streamlines upstream of the flame for A=4.5
are shown in Fig. 5 for w,/U,;=0.4. This flowfield is com-
pared with the results of Ball* and the agreement is very good.
The above potential solution, of course, does not describe the
flowfield downstream of the flame. ’

In the early stages of flame spreading, the axial velocity
u,(x,y) is strongly non-uniform over the cross section. To
complete the formulation in Sec. II, we intend to obtain an
approximation for [u{? (x,5@)]/2{® (x), where #{? is the
mean axial velocity. Distributions of [u{? (x,7(?)]/u{? (x)
and [v{®(x,9@)]/u{®(x) are shown in Fig. 6 for the above
stabilized flame. In the integral relations, we approximate
u{? (x,n9) by

where 6=1/0.014.

The above approximation, together with the matching
conditions [Egs. (5-9)] provide all the velocity components at
the flame surface for the steady-state flame development.

C. Numerical Solution of the Steady-State Integral Relations

The integral relations [Eqgs. (17-20)] are analyzed by a
perturbation technique. The perturbation scheme consists of
the dominant order solution representing the steady-state
flame development, together with time-dependent per-
" turbations caused by the imposed. disturbances. Let (9 (x)
represent the steady-state flame shape and p{? (%), p§? (x),
and {9 (x), 4§ (x) denote the average static pressures and
velocities in the two regions. The dependent variables in the
integral relations are decomposed as

7068 =79 (x) +9 (x1)

7, (x, 1) = (x) + 2§D (x,1) etc. (42)

0.0 0.20 0.40 0.60
: X

Fig.3 Average axial velocities, A\=4.5.

1.0
n(o)/sL
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0.0 2.0 4.0 6.0 80 10.0

Fig.4 Steady flame envelopes, A=4.5, 3@ =1.0.

i 1 L Ll
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0
' X/ 5

Fig.5 Streamlines upstream of the flame, A=4.5, w,/U, =0.4.

and
™ (x,2) | < lp® (x) | etc. (43)

Substituting Eq. (42) into the integral relations Eqgs. (17-20),
we get for the steady-state flame development

d
5, (=0 @) af0 ] +w;5ec0@ =0 (44)

[uf? (x,n D) —af? ]
{—7©

dia(®  1dpio
uf N |

7(0) 0O =0
u ax o dx w,sec

(45)

%{ (1O a5 ) — w5600 =0 (46)

740 5(0) 150 — u$® (x5 @
2o 428 ! [0 —u? o )]

7S w,sec8(® =0
dx  p, dx 70

47

In Eqgs. (45) and (47), u{?(x,n(?) is obtained from the ap-
proximation Eq. (41) and from the matching conditions at the



1562 M. V. SUBBAIAH

flame, ’
ul® (@) =uf® (x,q9) +w, (A=1)sinO® 48)

Further, the pressure fields in the two regions are related
through the normal momentum balance [Eq. (6)].

We assume a small flame holder of half-width 5, located at
x=0 and consider as in Sec. IILA, #{? (0)=u{"(0) at x=0.
This gives the initial conditions for the steady problem as

7@ (0) =n, “9)
2§90 (0) =59 (0) = Upt/ (E~ny+1y/N) (50)
P10 (0) =p,+ (0,/2) [U3— (af? (0))?] &)

The above system of differential equations is integrated
humerically to obtain 5 (x), {9 (x), #§* (x), and p{? (x).

Steady flame envelopes for the three flame speeds,
w,;/U,=0.1, 0.2, and 0.4, and for an approach Mach
number, M,=U,/C,=0.2, are shown in Fig. 7 for A=4.5.
The flame shapes are not very sensitive to changes in the
approach Mach number for low Mach numbers. The flame
envelopes and flowficlds are in good agreement with the
results of the approximate analysis of Sec. III.A and the exact
répresentation of the previous section.

D. Vorticity Production by the Flame

With the assumed approach conditions far upstream, the
flowfield upstream of the flame surface is irrotational.
However; the downstream flow is, in general, rotational due
- to the vorticity produced by the flamie. In this section, we wish
to obtain an expression for this vorticity production in terms
of the upstream flow variables and the flame shape.

For the steady flame development, we can write the match-
ing conditions at the flame surface, y =79 (x), as

dn®
uf? (x4 ) % =v{? (x,7@) +w,s5ecO® (52)

dn®
u§? (x,n(@) _Zx~ =09 (x,7() + w,secO @ (53)

1.0
Ny a0 (0) )
0.5+
/ vl(o)(x’"(o))/ﬁl(o)(x)
0.0

"20.5 .0.0 0.5 1.0 1.5 2.0

Fig. 6 Upstream velocities at the flame edge, w /U =0.4.
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Fig. 7 Steady flame envelopes, A =4.5.
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PIO (x) =p§O (x) =p, (A\—1) W3 (54)
and

dy©
uf? (e @) +of0 (61 @) S

— (0 0 0 0y 41
=uf? (x,7@) +v{9 (x5 ))Fx_ (35)

Differentiating Eq. (54) along the flame surface, we get {at
y=n9x1, '

ap2 dyI(O)
g2 56
3 dr (; )

ap,; +ap1 dn®  dp,
ox dy dx  ox

Utilizing the momentum equations in region 2, we obtain

dip dn©
22— p g0 (w0 = —op0)

d? [(”50))24_(050))2]

P2y 2
wheére
a8 dgo a)
@ (e 2N —qo
dx <8x+ & o), @)
and
o au50’>>
0) 0) = _ i = pn(0)
49 (6@ () = (2 =) =10

y

represent the vorticity produced by the steady flame.

Similarly, utilizing the momentum equations in region 1
and noting that the flowfield upstream of the flame is
irrotational, we obtain from Eq. (56)

1 02 02 dn(®
_plg}[w]z_ngm [u§0> i —Uio)]
d! (@0))24_(1,50))2
oy [ o

Utilizing the matching conditions, Egs. (53) and (55), to
obtain #§? (x,7(?) and v§? (x,7(?) in the above equation, we
can express the vorticity produced by the flame as

-1 d! dn\2
= 0 4 (0 =7 290
&0 (x,n @) w560 dx[(u} + v dx) c0s?0
~)\{(u}0))-’+(v§"))21] (58)

The above equation relates the vorticity generated by the
flame with the flowfield upstream of the flame alone. This
gives. the source term in the Poisson equation of the
streamfunction for the downstream flow. The upstream
flowfield is known exactly from the representation of Sec.

" IIL.B. For plane flames, dy(® /dx=constant v{» =0, and u{?

=w;,cosec@®(®, and from Eq. (58) we notice that there is no
vorticity produced by the steady plane flames.

IV. Time-Dependent Flame Calculations
Consider now the time-dependent counterpart to the steady
analysis (Sec. III.C) of the integral relations. With the
assumed decomposition [Eqs. (42)] of the dependent
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variables in the integral relations Eqs. (17-20), we obtain the
following governing equations for the nonsteady variables.
Only the linear terms in the perturbation quantities are

retained. The axial velocity perturbations at the flame surface -

can be written as

0) !
uh (x,m,t) = a% (9@ )" (x,0) +ufd (x,99,1) (59)

Ind
ush (m,t) =ufh (xmt) +w, (\=I)cos’0® I

(60)
In region 1, the continuity equation is
aqz,;t” + ({0 — w;sin0®) ag—:) +d?—‘j:)n(“
_,_d"_(o) g}n_(g_,,w))a';_f:) =0 (61)
and the x-momentum equation is
o | o al;i” .\ dzio) D +% ‘3%?
%ﬁ:m [uf (x,n<0>,r>+a';% (%7 ) —afn )
g (en @) ~afo)
x [sine(l)) ag;“ ¥ Seﬁ:igm ]= (62)
In region 2, the continuity equation is
aﬂa_(t” + (d§0) —w,sin© () 61(13_;1) +—d—ld%(—))—n“>
+ dzlif) agh +7© o =0 (63)
and the x-momentum equation is
dag" + a0 dagh + daf? ash + ks ap_y)
at ax dx p, Ox

A w, .
—w,{(A—1)cos’O® o ] + @ [@§9 —uf? (x,7'P)

. . ) secO® )
_W1()\—1)Sln9(0)].[sme(o) e _ @ ]
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The zeroth-order solution, which describes the steady flame
development, is discussed in Sec. IIT.C. It provides the steady-
state variables in the above system of differential equations
for the perturbation quantities.

The normal momentum balance across the flame [Eq. (6)]
states that the pressure perturbation is continuous across the
flame.

DY (%) =p§P (x,1) - (65)

The steady axial velocity at the upstream flame. edge,
uf®(x,n?), is approximated by Eq. (41). In addition, we
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assume
uf) (x, 0,0 =ufh (x,1) (66)

Validity of the above approximation is verified by generating
the nonsteady flame envelopes with a time-dependent source
flow. The technique is very similar to the steady flow
representation of Sec. 111.B.

We consider the flame region to be excited by a harmonic
pressure wave with wave number «; from the downstream
direction. This generates a transmitted wave of wave number
k; upstream of the flame and a reflected wave of wave
number «x§ downstream of the flame. Let the transmitted
wave upstream of the flame be represented by

By . |
—— =Pyexp|—i(wt+«x)] 67)
Po
Since there is no acoustic wave incident on the flame zone
from the upstream direction, we can write the associated
velocity perturbation upstream of the flame region as
ufh

e =—Pjexp[~i(wt+x;x)] (68)
1

This gives the boundary conditions at x=0 for the pressure
and velocity perturbations as

.
% (x=0,t) =Pye~i (69)
0

"1
S
o
S

I

0; 2.0 .00 6.
X/ %

Fig. 9 Velocity perturbation upstream of the flame.
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Fig. 10 Velocity perturbation downstream of the flame.
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D .
ol (x=0,t) =—Pye-it 70)
1

The flame is attached to the flame holder at x = 0,
) (x=0,1) =0 1)

Velocity perturbation downstream of the flame holder is
assumed to be zero,

D (x=0,1)=0 ‘ (72)

It should, however, be noted that in the present integral
formulation, the flame development adjacent to the flame
holder is not represented accurately. Detailed calculations
near the flame holder should take into account the viscous and
heat conduction effects. Present calculations indicated that
the flame response is rather insensitive to the choice of
141 (0,0, suggesting that the behavior of the nonsteady wake
downstream of the flame holder may not be of dominant
influence on the nonsteady flame development.

V. Results and Discussion

As can be seen from Sec. III.A, the principal parameters
that affect the steady flame development are the upstream
translational speed U,, duct width 2f, flame speed w,/U,,
and the density ratio across the flame A=p,/p,. For the
nonsteady response of the flame region, the radian frequency
w of the disturbance is an additional important parameter. We
utilize the reduced frequency 2= wf/ U, to evaluate the burner
response. ;

A flame speed of w,/U,=0.1, density ratio A=4.5, ap-
proach Mach number M,=0.1, and reduced frequency
wf/U,=3.66, are chosen to describe the burner operation for
the results presented here.

Figure 8 shows the nonsteady flame envelopes for the above
operating conditions of the burner. The flame envelopes are
shown for three different time intervals given by wt =0, /4,
and #/2. The velocity perturbations, real parts of
etitg(D /U, and et®tqih /U, are shown in Figs. 9 and 10.
The perturbation quantities shown in Figs. 8-10 are the
responses for an acoustic disturbance of reduced frequency
Q=3.66 incident on the flame region from downstream. The
flame perturbation exhibits a traveling wave pattern with
considerable amplification in the downstream direction. This
has to be differentiated from the classical Landau instability
of plane flames, wherein the flame perturbation is stationary,
with no associated phase speed.

For the present case of the confined stabilized flame, there
is vorticity production by the steady flame due to the cur-
vature of the flame. This vorticity production by the flame
can be calculated from the flame shape and the upstream
irrotational flowfield as shown in Sec. III.D. A possible
mechanism to explain the calculated growth of the distur-
bance in the flame region is the amplification of the shed
vorticity, which behaves as an unstable shear layer. This
aspect was explored in some detail. In the case of plane
flames, there is no vorticity production by the steady flame.
The growth rate and phase speed obtained from a local
analysis!® of the stability of the flame sheet, modeled as an
. interface separating the two regions with velocities #{? (x) and
"9 (x) are in general agreement with the nonsteady flame
calculations presented here.

The velocity and pressure perturbations enable us to obtain
the acoustic transmission and reflection properties of the
flame region. The response spectra!? of the flame region show
active response, and at certain well-defined frequencies there
is a strong amplification of an input disturbance. These
energetic modes occur at reduced frequencies wl/d=3%/2,
7x/2, etc. (where & is the average phase speed of the flame
perturbation), and are distinguished by the manner in which
they fit into the end conditions of the flame at the flame
holder and at the duct wall.
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In a practical combustion system like the aircraft af-
terburner or the utility boiler, these burner characteristics
couple the nonsteady flame response with the acoustics of the
combustion chamber. A typical application to a rudimentary
afterburner was discussed by Marble et al. 18
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